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Abstract. Effective liquefaction mitigation requires an improved fundamental 
understanding of triggering in terms of excess pore pressures in realistically strat-
ified deposits that experience cross-layer interactions as well as performance-
based consequence procedures that account for 3D soil-structure interaction 
(SSI), all mechanisms of deformation, total uncertainty, and the impact of miti-
gation. In this paper, we first present a series of centrifuge experiments to evalu-
ate site response and pore pressure generation in layered liquefiable deposits, 
soil-structure interaction (SSI), and the impact of ground densification as a miti-
gation strategy on SSI and building performance. Second, experimental results 
are used to validate 1D and 3D, fully-coupled, nonlinear, dynamic finite element 
analyses of layered sites and soil-foundation-structure systems with and without 
mitigation. Third, numerical parametric studies (exceeding 167,000 1D and 
63,000 3D simulations) are used to identify the functional forms for predicting 
liquefaction triggering in the free-field based on the capacity cumulative absolute 
velocity (𝐶𝐴𝑉!) required to achieve a threshold excess pore pressure ratio (ru), 
settlement of unmitigated structures, and the relative impact of ground densifica-
tion on foundation’s permanent settlement. And finally, a limited case history 
database is used validate the triggering and consequence models, accounting for 
field complexities not captured numerically or experimentally. This integrative 
approach yields a set of procedures that are the first to consider variations in soil 
layering and geometry, layer-to-layer cross interactions, foundation and structure 
properties (in 3D), contribution of all mechanisms of deformation below unmiti-
gated structures, geometry and properties of densification, ground motion’s cu-
mulative characteristics, total inherent model uncertainties, and the explicit con-
ditionality of structural settlement on free-field triggering—which are necessary 
to realize the benefits of performance-based engineering in liquefaction assess-
ment. 
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1 Introduction and Background 

Probabilistic predictive models for the triggering (e.g., Seed et al. 2003; Boulanger and 
Idriss 2012; Maurer et al. 2017) and consequences (e.g., Bray and Macedo 2017; Bull-
ock et al. 2019a,b) of soil liquefaction are becoming increasingly common in the design 
of structures founded on such deposits. However, the application of triggering and con-
sequence procedures remains primarily disconnected, because their methodological ap-
proaches and implementation remain separate. The most recent probabilistic conse-
quence models (e.g., Bullock et al. 2019a,b), which are capable of predicting the settle-
ment and tilt of isolated shallow-founded structures on layered soil systems with evo-
lutionary  ground motion intensity measures (IMs), do not explicitly depend on evalu-
ation of triggering (e.g., in terms of FSliq). However, through inclusion of case histories 
in their formulation, these models remain implicitly conditioned on the occurrence of 
liquefaction or its surface manifestation. This implicit conditioning has the potential to 
lead to overestimation of the risk of liquefaction consequences. 

The existing models for predicting the occurrence of liquefaction have their own set 
of limitations. They are often based on empirical observations of surface manifestation 
of liquefaction (e.g., Cetin and Seed 2004; Idriss and Boulanger 2008) or mechanistic 
prediction of ru = 1; where ru = Du/s’vo. Meanwhile, it is known that partial or full 
liquefaction may occur without necessarily generating surface manifestations in the 
form of sand boils or ejecta. These procedures typically focus on individual soil layers 
and do not consider layer cross interactions (Beyzaei et al. 2018), which can influence 
the manifestation and propagation of damage. The procedures typically rely on the cy-
clic stress ratio (CSR) at the surface to define the demand by interpolating PGA at non-
liquefied free-field sites, which is not necessarily an optimum choice of IM and ignores 
the degree of softening and pore pressure generation in soil. Lastly, the mechanistic 
procedures do not acknowledge that significant softening and deformations can still 
occur at ru values less than 1.0.  

After evaluating the likelihood of triggering and consequence, an engineer often 
needs to consider different forms of ground improvement and mitigation. None of the 
existing procedures for ground improvement consider the presence and/or interaction 
of a structure with soil, the active mechanisms of deformation near a structure, or the 
underlying uncertainties. In designing ground densification for instance, engineers 
commonly rely on empirical triggering or volumetric settlement estimations in the free-
field, or at best semi-empirical probabilistic consequence models that do not consider 
densification dimensions in relation to and in interaction with the overlying structure. 
Additionally, since mitigation is often designed based on free-field triggering calcula-
tions (i.e., FSliq in various soil layers), the evaluation of post-mitigation triggering and 
consequence may also be implicitly conditioned on the occurrence of liquefaction in 
free-field conditions. This conditioning exists because the size of the mitigation is de-
termined using results from free-field triggering analyses, not because the performance 
of the mitigation is necessarily tied to triggering in the free-field. 

In this study, we first propose probabilistic models for the cumulative absolute ve-
locity required to trigger liquefaction (CAVc), based on data from a comprehensive 1D 
numerical site response parametric analysis (detailed by Bullock 2020 and Bullock et 
al. 2022), here referred to as the first parametric study (PS-I). The numerical models in 
PS-I were calibrated and validated with element level and centrifuge free-field 
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experiments. The models consider the influence of layer, profile, ground motion prop-
erties, as well as system-level effects caused by low-permeability strata within the soil 
profile. These models describe the uncertainty in evaluating the probability of liquefac-
tion according to a threshold ru value (e.g., 1.0 in the traditional definition of liquefac-
tion or 0.9 in that of Olson et al., 2020). The results are compared with observations of 
liquefaction or no liquefaction in the 2010 Darfield, 2011 Christchurch, and 2016 Val-
entine’s Day earthquakes in Canterbury (Geyin et al. 2021), together with other existing 
predictive models of triggering.  

We subsequently extend the triggering model to predict liquefaction-induced perma-
nent settlement (including volumetric and deviatoric deformations) beneath an unmiti-
gated, mat-founded structure based on the centrifuge-calibrated numerical analyses de-
scribed by Karimi et al. (2018) and Bullock et al. (2019a): PS-II. The initial functional 
form developed based on the numerical database was then compared with and adjusted 
based on a case history database consisting of 50 cases from six earthquakes. The ad-
justment helped account for sedimentation and ejecta effects that were not effectively 
captured numerically or experimentally in unmitigated models (see Bullock et al. 2019a 
for additional details). This model incorporates the influence of the soil profile, the 
presence and 3D properties of the structure, and cumulative characteristics of the 
ground motion. The model is improved from Bullock et al. (2019a) through removal of 
the implicit conditioning on the occurrence of liquefaction by applying the Bullock et 
al. (2022) triggering model for CAVc. 

In the end, we extend the numerical database in PS-III to include ground densifica-
tion around structures (770, 3D, fully-coupled, FEA through quasi-Monte Carlo sam-
pling of key input parameters), which was also calibrated and validated with related 
centrifuge models. This database is subsequently used to propose a probabilistic pre-
dictive procedure for foundation’s permanent settlement on liquefiable soils that are 
improved with ground densification. The models consider realistic, nonlinear, 3D struc-
tures on mat foundations or basement, SSI, interlayering and layer cross interactions, 
ground densification properties and geometry, and ground motion characteristics. Sim-
ilar to the settlement models for unmitigated cases, we use nonlinear regression with 
lasso-type regularization to estimate model coefficients. The reliability of the predicted 
model is subsequently evaluated by comparing the trends with a limited number of cen-
trifuge and field case histories. With the small number of well-documented case histo-
ries available on mitigated buildings, no further model adjustment was possible in this 
case. However, this was judged acceptable at this time, due to the relatively small error 
observed in case history predictions. 

The proposed set of models are the first of their kind to comprehensively consider 
the triggering, consequences, and mitigation of soil liquefaction near structures and the 
underlying uncertainties in a unified and explicit manner, aiming to guide a more reli-
able and performance-based treatment of liquefiable soils near structures. 

2 Case History Collection  

The case histories related to each of the three analysis phases (PS-I through PS-III) are 
summarized in Table 1. In PS-III, the case history database involving ground densifi-
cation around shallow-founded structures was too small for a meaningful statistical 
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evaluation and adjustment. Hence, the limited case histories (see Table 1) that included 
mitigation and some information about the soil and structure were only used to evaluate 
the performance of the predictions from the proposed settlement model on densified 
ground. The representative case history was collected during the 1964 Niigata, Japan 
Earthquake. In Niigata City, liquefaction-induced damage on mitigated ground was 
documented (Watanabe 1966), including one oil tank and one shallow-founded build-
ing. The mitigated site near Hakusan district (Kawakami and Asada 1966) included a 
14 m-thick, fine sand layer with a Dr of about 90% (in average), followed by a 10 m-
thick, sandy soil with a Dr ≈ 60% (N1,60 ranging from 10 to 20). Subsequently, both 
layers were overlaid by 6 m of a silty sand layer deposit with a Dr ≈ 30% (N1,60 ranging 
from 3 to 6). The liquefiable layer was identified (Ishihara and Koga 1977) from a depth 
of about 3 m to 13 m below the ground surface, based on the cyclic triaxial tests on 
undisturbed specimens. For additional details on the case history listed in Table 1, 
please refer to Hwang et al. (2022b). 

 

Table 1. Source and quantity of case histories related to each parametric study (PS). 

PS Source Earthquake No. 
of cases 

I(a)  Geyin et al. 2020, 2021 Darfield, 2010 
Christchurch, 2011 
Valentine’s Day, 2016 

997 
3846 
155 

II(b) Yoshimi and Tokimatsu (1977) 
Acacio et al. (2001) 
Bray and Sancio (2009) 
Unutmaz and Cetin (2010)  
Bertalot et al. (2013) 
Bray et al. (2014) 

Niigata, 1964 
Luzon, 1990 
Kocaeli, 1999 
Kocaeli and Düzce, 1999 
Chile, 2010 
Christchurch, 2011 

15 
17 
3 
27 
21 
4 

III(c) Yoshida (2000) 
Watanabe (1966) 

Kobe, 1995 
Niigata, 1964 

1 
2 

(a) Additional details in Bullock et al. (2022) 
(b) Additional details in Bullock et al. (2019a) 
(c) Additional details in Hwang et al. (2022) 

3 Centrifuge Modeling 

Five centrifuge tests were conducted under a centrifugal acceleration of 70g at the Uni-
versity of Colorado Boulder's 5.5 m-radius, 400 g-ton centrifuge facility (Olarte et al. 
2017, 2018a; and Paramasivam et al. 2018), to investigate seismic site response in a 
layered, liquefiable, free-field soil profile (with no structures present) and the influence 
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of ground densification on shallow-founded, potentially inelastic structures on liquefi-
able soils. The tests including structures examined two types of moment-resisting frame 
structures (a 3-story Structure A on a 1 m-thick mat foundation and a heavier, taller, 
and more flexible, 9-story Structure B on a 1-story basement foundation) and one lay-
ered, liquefiable soil profile with and without ground densification, as shown in Figure 
1.  Structures ANM or BNM in these tests represented Structures A or B on an unmitigated 
soil profile, while ADS or BDS represented the same structures and soil profile, now in-
cluding ground densification. 

 
Fig. 1. Configuration and instrumentation layout of the centrifuge experiments used for numer-
ical model validation. (All units are in prototype scale meters at 70g of centrifugal acceleration.) 
 

In all centrifuge tests, a 10 m-thick (in prototype scale) dense Ottawa sand F65 layer 
was dry-pluviated to attain a relative density (Dr) of approximately 90% (emin = 0.53 
and emax = 0.81), prior to testing. Subsequently, a 6 m-thick loose Ottawa sand layer 
was dry pluviated to reach a Dr of 40%. Above this layer, a 2 m-thick Monterey sand 
layer was dry pluviated to attain a Dr ≈ 90% (emin = 0.54 and emax = 0.84) as a dense, 
draining crust. The groundwater table in all centrifuge tests was located at the ground 
surface. The mitigated (densified) zone was attained by dry pluviating Ottawa sand with 
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a Dr ≈ 90% around Structures ADS or BDS. The entire thickness of looser Ottawa sand 
was treated (i.e., 6 m), with the densification width beyond the foundation edges se-
lected as half of the densification depth (i.e., 3 m), based on JGS (1998). 

All model specimens were spun to a nominal centrifugal acceleration of 70g. A se-
ries of four one-dimensional (1D) horizontal earthquake motions was applied to each 
model after saturation (with a methylcellulose solution 70 times more viscous than wa-
ter). For numerical validation in the free-field or below the unmitigated or mitigated 
structure, we only used the first major motion, prior to which the soil properties and 
geometry were known with greater accuracy. All units presented in this paper are in the 
prototype scale. The subsequent numerical simulations of these tests were also per-
formed in prototype scale units. Detailed discussions of all centrifuge tests were pro-
vided by Olarte et al. (2017, 2018a) and Paramasivam et al. (2018), which are not re-
peated here for brevity. 

4 Numerical Modeling Details 

Three-dimensional (3D), fully coupled, FE simulations were performed in the object-
oriented, parallel computation FE platform OpenSees (Mazzoni et al. 2006). The pres-
sure-dependent, multi-yield surface, version 2, soil constitutive model (Elgamal et al. 
2002 and Yang et al. 2008), PDMY02, was used to simulate the nonlinear response of 
saturated, granular soils and consequences of liquefaction-induced ground defor-
mations (Karimi et al. 2016a,b; Ramirez 2018; and Hwang et al. 2021).  

The PDMY02 model parameters used for Ottawa sand at a handful of relative den-
sities (30%, 40%, 50%, 60%, 70%, 80%, and 90%) were adopted from Hwang et al. 
(2021). The calibration process was based on: i) a series of fully drained and undrained, 
monotonic and cyclic triaxial tests (Badanagki 2019); ii) a boundary value problem 
involving free-field site response as recorded in centrifuge with the same soil types but 
no structure or mitigation involved (Fig 1a, Ramirez et al. 2018); and iii) empirical 
observations of liquefaction triggering in terms of number of cycles to liquefaction 
(NCEER 1997). The best-fitting PDMY02 soil constitutive model parameters were 
consequently identified by minimizing the sum of root mean squared error (RMSE) 
among all numerical results and experimental or field observations equally. Figs. 2a-c 
compare the experimental data (e.g., cyclic triaxial test, free-field site response, and 
CSR to trigger liquefaction in 15 cycles) and numerically computed response (by adopt-
ing the best-fitting parameters) to demonstrate that the calibrated PDMY02 parameters 
could roughly capture the dynamic behavior of Ottawa sand from an element level to a 
boundary value problem and to field observations of liquefaction. Additional data and 
comparisons (e.g., monotonic triaxial tests) are provided by Hwang et al. (2021; 
2022a,b).   

After calibration, the numerical models of the entire soil-foundation-structure sys-
tem with and without densification were validated with the corresponding centrifuge 
experiments (e.g., Figs. 3b-3c). 3D, 20-8 nodes, serendipity, brick elements with the u-
p formulation (Zienkiewicz et al. 1990) were used to model the soil domain. The fluid 
bulk modulus was assumed to be 2 × 106 kPa at atmospheric pressure. The element size 
was calculated at each depth based on the soil's empirical small-strain shear wave 
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velocity profile (Seed and Idriss 1970; Bardet et al. 1993; and Menq 2003) and the 
minimum wavelength of interest (detailed by Ramirez et al. 2018 and Hwang et al. 
2021). 

 

Fig. 2. Calibration of constitutive model (PDMY02) parameters: (a) comparison of numerical 
simulations with a representative strain-controlled cyclic triaxial experiments on Ottawa Sand 
(isotropic consolidation stress = 100 kPa; axial strain amplitude = 0.2%); (b) comparison of nu-
merical simulations with empirical observations in terms of CSR to trigger liquefaction in 15 
cycles for different relative densities (N1,60=35Dr

2; Skeptom 1986); (c) comparison of numerical 
simulations with a free-field centrifuge experiment using the same soil profile (see Fig. 1a). 

The foundations were modeled with 20-8 node brick u-p elements and the linear-
elastic material. Note that the fluid mass density was set to zero in the foundation to 
avoid generation of excess pore pressures. The foundation-soil interface was modelled 
with an equal degrees-of-freedom (DOF) connection to the soil (Karimi and Dashti 
2016a,b and Hwang et al. 2021). To allow for relative settlement of foundation with 
respect to the surrounding soil, the nodes around the foundation’s lateral perimeter were 
tied to soil only in the horizontal direction (e.g., x- and y-directions).  

The beams and columns in Structures A and B were modeled with elastic beam-
column elements and a linear-elastic material, while the reduced section “fuses”, where 
structural nonlinearity localized, were modeled with a nonlinear fiber section and the 
uniaxial steel material. A damping ratio of 0.8% and 1.2% was assigned to Structures 
A and B, respectively. These properties were calibrated with component tests as well 
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as fixed-base hammer impact tests. Details of the design and calibration of structure 
parameters were reported by Olarte (2017) and Ramirez (2019). 

In models involving the soil-foundation-structure system, half of the model con-
tainer (in the direction perpendicular to shaking) was simulated by taking advantage of 
symmetry (Karimi and Dashti 2016a, b; Ramirez 2019; and Hwang et al. 2021). The 
lateral boundary nodes located at the same elevation were tied to move together in both 
horizontal directions, roughly representing the conditions in a flexible-shear-beam con-
tainer. The bottom boundary of the soil domain was fixed in all translational directions 
(i.e., x-, y-, and z-directions) when modeling the centrifuge tests, to simulate the rigid 
container base. The length and width of the soil domain were, however, increased com-
pared to the container, in order to reduce the adverse effects of reflecting waves from 
the boundaries and displacement constraints near the center of the domain (where the 
structure was placed). The minimum numerical domain length (parallel to shaking) 
was, accordingly, determined as 6B (where B is the foundation width) and the domain 
width (perpendicular to shaking) as 3B through an initial sensitivity study. Note that 
this same domain size (6B in length and 3B in width) was adopted for the subsequent 
numerical parametric studies PS-I through III. The excess pore pressures were only 
allowed to dissipate through the domain surface. The acceleration time history recorded 
at the base of the container in centrifuge during the first major motion was applied 
directly to the base nodes of the numerical models after reaching static equilibrium. 

Comparisons of experimental and numerical results in terms of 5%-damped accel-
eration response spectra and settlement time history of foundations as well as excess 
pore pressure-time history and acceleration response spectra in the middle of the critical 
layer (z = 5 m) are provided in Fig. 3. These results show that overall, numerical simu-
lations of unmitigated and mitigated isolated structures like A and B roughly captured 
spectral accelerations near the structure’s fundamental period, peak excess pore pres-
sures, and foundation’s average permanent settlement observed experimentally (differ-
ence of less than about 9, 24, and 6% in each response, respectively). However, the 
numerical models overestimated the dilation cycles (as sharp drops in excess pore pres-
sures or spikes in acceleration) within the looser (unmitigated) Ottawa sand layer, par-
ticularly below the lighter Structure A. This was due to an over-estimation of shear 
strain excursions because of soil softening, encouraging cycles of re-stiffening and ac-
celeration spike at lower periods. Accordingly, accelerations were slightly over-esti-
mated on the foundation and roof of Structure A near its fundamental period (To-A ≈ 
0.56 s) and the motion’s mean period (Tm ≈ 0.9 s).  The differences were reduced sub-
stantially for mitigated (densified) cases with smaller shear strains and pore pressures.  

In general, the treated soil below Structures ADS and BDS experienced smaller excess 
pore water pressures and settlements compared to their unmitigated counterparts, both 
experimentally and numerically. This is because increasing soil relative density (Dr) 
increases its stiffness and strength, reducing its contractive tendencies and hence, net 
generation of excess pore water pressures. A reduction in the degree of soil strength 
loss reduced the contribution of volumetric and shear deformations below the structure. 
In general, 3D, fully-coupled, effective-stress, finite element models with a well-cali-
brated constitutive model and numerical setup (e.g., with use of higher order elements 
and sufficient boundary size) could capture the primary experimental patterns. Consid-
ering all sources of error and uncertainty in both experimental and numerical models, 
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we judged the comparisons to be reasonable, particularly for mitigated or densified 
conditions, and moved on with the design of three parametric studies. 

 

 

Fig. 3. Comparison of experimental and numerical results in terms of 5%-damped acceleration 
response spectra and settlement time histories of foundations as well as excess pore pressure-
time histories and acceleration response spectra under the center of isolated structures in the mid-
dle of the critical layer (z = 5 m) during the Kobe-L motion recorded in the centrifuge. 
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5 Numerical Parametric Studies 

The schematic view of typical 3D models used in the numerical parametric studies PS-
I through III are shown in Fig. 4. The numerical framework, selection of elements, and 
loading conditions were consistent with the results and conclusions presented in the 
previous section. However, in the parametric studies, our goal was also to account for 
variations in structural type and properties, soil layering, rock’s elastic properties, and 
ground motion characteristics. 
 

 

Fig. 4. Schematic drawings showing the numerical simulation of: (a) a 1D single soil column 
for nonlinear site response analyses in PS-I; (b) a SDOF, isolated, elastic structure on a layered 
liquefiable deposit in PS-II; and (c) an MDOF, isolated, potentially inelastic structure on a lay-
ered liquefiable deposit improved with ground densification in PS-III. 

For developing the liquefaction triggering models in the free-field, the simulations 
in PS-I focused on free-field conditions (using single-column, 1D, nonlinear site re-
sponse analyses). The PS-II for the consequence model without mitigation involved 
3D, linear-elastic, single-degree-of-freedom (SDOF) structures on mat foundations. A 
linear and elastic structural response was judged reasonable given the large degree of 
nonlinearity and damping in the underlying unmitigated soil. In contrast, the PS-III for 
ground improvement focused on inelastic (damageable), multi-degree-of-freedom 
(MDOF) structures representative of the building stock in seismically active regions of 
the U.S. founded on mat foundations and layered, liquefiable, soil profiles treated with 
ground densification. The considered soil profiles included liquefiable, loose- to me-
dium-dense, saturated, clean sand layers as well as dense sand interlayers and in some 
models, a thin silt capping layer. Ground densification was only applied to portions of 
the most critical, loose to medium dense granular layer(s) in the parametric study.  

To ensure all input parameters (IPs) characterizing the soil-foundation-structure sys-
tem and when applicable, the mitigation geometry, were adequately and uniformly rep-
resented in the parameter space, a quasi-Monte Carlo sampling procedure was adopted 
to select the initial model suites in each PS (see Table 2). Each IP was initially drawn 
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from either a uniform or a triangular distribution. These ranges and distributions were 
informed by a combination of: (1) observed values of these parameters in the Bullock 
et al. (2019a) case history database of buildings on liquefiable soils; and (2) ranges 
considered and shown as influential in the numerical database previously generated by 
Karimi et al. (2018). Subsequently, the corresponding parameter combinations were 
determined by taking the inverse cumulative distribution functions from a quasi-ran-
dom set of numbers between 0 and 1 for each IP. In total, in PS-III a suite of 70 basic 
model configurations was designed by quasi-Monte Carlo sampling to account for var-
iations in soil-foundation-structure systems and mitigation design. PS-II included a 
suite of 420 model configurations designed to facilitate sensitivity analysis for each 
independently-varied parameter. PS-I included 125 model configurations, determined 
using quasi-Monte Carlo sampling, which were each analyzed using three soil consti-
tutive models to facilitate quantification of epistemic uncertainty. For additional details 
on the parameter distributions for soil layer, structural, rock, densification, and ground 
motion properties in each of the three PS’s, please refer to Bullock et al. (2019a), Bull-
ock et al. (2022), and Hwang et al. (2022b). 

 
Table 2. The main input parameters (IPs) in the numerical parametric study (PS) I, II, and III. 

Parametric 
study ID 

    The main IPs in the numerical parametric study 

PS-I ·   Number, thickness, and density of the loose to medium-dense sand layers. 
·   Total deposit thickness above bedrock. 
·   Bedrock shear wave velocity. 
·   Presence of low-permeability strata throughout the profile. 
·   Ground motion intensity measures. 

PS-II ·   The same main IPs as PS-I. 
·   Foundation bearing pressure, footprint size, and embedment depth. 
·   Height and inertial mass of elastic structure. 

PS-III ·   The same main IPs as PS-I and PS-II. 
·   Nonlinear structural properties including wood-frame, reinforced concrete 
moment frame, and steel moment frame buildings. 
·   Ground densification design in terms of depth and width beyond the founda-
tion edge. 

6 Statistical Modeling and Initial Functional Forms 

The Bullock et al. (2019a) settlement model consists of a base model developed using 
a database of 63,000 numerical analyses of soil-foundation-structure systems (PS-II) 
and adjusted according to a database of 50 empirical case histories. The base model 
captures the relationships among soil, foundation, and structure-specific parameters and 
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settlement, as well as the ground motion intensity and its interaction with other param-
eters. The functional form of the base model is given by: 

𝑙𝑛(𝛿) 	= 𝑓!"#$ + 𝑓%&' + 𝑓!()                 Eq. 1 

where 𝑙𝑛(𝛿) is the natural logarithm of the median predicted foundation settlement 
(in units of mm) and 𝑓!"#$ , 𝑓%&' , and 𝑓!()  are functions that reflect how a shallow-
founded structure’s settlement is influenced by properties of the soil, foundation, and 
structure, respectively. 

Equations 2 - 6 describe 𝑓!"#$, where 𝐻(⋅) is the Heaviside step function of the argu-
ment, 𝐻*,# is the thickness of the 𝑖-th liquefaction-susceptible layer (in units of m), 𝜀 is 
an infinitesimal positive quantity, 𝐶𝐴𝑉 is the outcropping rock cumulative absolute ve-
locity (in units of cm/s), 𝑞,1-,# is the normalized CPT cone tip resistance of the 𝑖-th 
liquefaction-susceptible layer, 𝐷*,# is the depth from the foundation to the center of the 
𝑖-th liquefaction-susceptible layer (in units of m), and 𝐹./0 is a flag that is equal to 1 if 
there is a low-permeability cap at the top of the soil profile and 0 otherwise.  

𝑓!"#$ = [𝛴#𝐻(𝐻*,# − 1+ 𝜀)𝑓*,#𝑓1,#] + [𝑐0 + 𝑐1𝑙𝑛(𝐶𝐴𝑉)]𝐹./0 + 𝑠0𝑙𝑛(𝐶𝐴𝑉)  Eq. 2 
𝑓*,# = 𝑎0 for 𝑞,1-,# < 112.4                  Eq. 3 
𝑓*,# = 𝑎0 + 𝑎1(𝑞,1-,# − 112.4) for 112.4 ≤ 𝑞,1-,# < 140.2       Eq. 4 
𝑓*,# = 𝑎0 + 27.8𝑎1 for 140.2 ≤ 𝑞,1-,#               Eq. 5 
𝑓1,# = 𝑏0𝐻*,#𝑒𝑥𝑝[𝑏1(𝑚𝑎𝑥(𝐷*,# , 2)2 − 4)]             Eq. 6 

Equations 7-9 describe 𝑓%&', where 𝑞 is the foundation bearing pressure (in units of 
kPa), 𝐷*,1 is the depth from the foundation to the center of the top-most liquefaction-
susceptible layer in the soil profile (in units of m), 𝐵 is the foundation width (in units 
of m), 𝐿 is the foundation length (in units of m), and 𝐷% is the foundation embedment 
depth (in units of m). The foundation width (𝐵) is defined as its shorter dimension (i.e., 
𝐿/𝐵 ≥ 1). 
𝑓%&' = 𝑓2 + 𝑓3,.                          Eq. 7 
𝑓2 = {𝑑0 + 𝑑1𝑙𝑛[𝑚𝑖𝑛(𝐶𝐴𝑉, 1000)]}𝑙𝑛(𝑞) × 𝑒𝑥𝑝{𝑑2𝑚𝑖𝑛[0, 𝐵 − 𝑚𝑎𝑥(𝐷*,1, 2)]	 Eq. 8 
𝑓3,. = {𝑒0 + 𝑒1𝑙𝑛[𝑚𝑎𝑥(𝐶𝐴𝑉, 1500)]}𝑙𝑛(𝐵)2 + 𝑒2𝐿/𝐵 + 𝑒3𝐷%           Eq. 9 

Equation 10 describes 𝑓!(), where ℎ4%% is the structure’s effective height (in units of 
m) and 𝑀!( is the structure’s inertial mass (in units of kg). 

𝑓!() = {𝑓0 + 𝑓1𝑙𝑛[𝑚𝑖𝑛(𝐶𝐴𝑉, 1000)]}ℎ4%%
2 + 𝑓2𝑚𝑖𝑛[𝑀!(/106, 1]       Eq. 10 

Equation 11 describes the adjustment to the base model’s prediction of settlement, 
where 𝑙𝑛(𝛿5'6) is the adjusted prediction of settlement (in units of mm) and 𝐻*,1 is the 
thickness of the top-most liquefaction-susceptible layer (in units of m). In the case his-
tory database, 𝐻*,1 is usually also the thickest liquefaction-susceptible layer, and we 
may therefore consider 𝐻*,1 to be the thickness of the “critical” layer, which can be 
identified as the layer with the highest value of 𝑓*,#𝑓1,# as described above. This ap-
proach treats the critical layer as the one contributing the most to settlement. 

𝑙𝑛(𝛿5'6) = 𝑙𝑛(𝛿) + 𝑘0 + 𝑘1𝑚𝑖𝑛(𝐻*,1, 12)2 + 𝑘2𝑚𝑖𝑛(𝑞, 𝑞,) + 𝑘3𝑚𝑎𝑥(𝑞 − 𝑞, , 0) ≥
𝑙𝑛(𝛿)                          Eq. 11 
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Bullock et al. (2019a) also provided the logarithmic standard deviation of a lognor-
mal distribution around 𝛿5'6, denoted as 𝜎5'6. Table 3 provides the model coefficients 
for Bullock et al. (2019a): 

Table 3. Model coefficients for Bullock et al. (2019a) 

Parame-
ters Value Parame-

ters Value 

𝑎0 1.000 𝑒3 -0.2148 
𝑎1 -0.0360 𝑓0 -0.0137 
𝑏0 0.3026 𝑓1 0.0021 
𝑏1 -0.0205 𝑓2 0.1703 
𝑐0 1.3558 𝑠0 0.4973 
𝑐1 -0.1340 𝑘0 -1.5440 
𝑑0 -1.3446 𝑘1 0.0250 
𝑑1 0.2303 𝑘2 0.0295 
𝑑2 0.4189 𝑘3 -0.0218 
𝑒0 -0.8727 𝑞! 61 
𝑒1 0.1137 𝜎"#$ 0.6746 
𝑒2 -0.0947   

 
The lognormal distribution defined by 𝛿5'6 and 𝜎5'6 can be used to formulate the 

probability of exceeding settlement thresholds of interest (i.e., those related to certain 
repair actions). Here, we denote a threshold value of settlement as 𝛿(ℎ)4!ℎ. However, 
note that these probabilities are implicitly conditioned on the occurrence of liquefaction 
due to the correction based on case history observations that included observations of 
liquefaction surface manifestation. Equation 12 shows the calculations needed to obtain 
a conditional probability of exceedance based on the Bullock et al. (2019a) model, 
where 𝐿𝑖𝑞 is a flag that indicates the triggering of liquefaction and 𝛷[⋅] is the standard 
normal cumulative distribution function evaluated at the argument. 

𝑃(𝛿5'6	 > 𝛿(ℎ)4!ℎ|𝐿𝑖𝑞) = 1−𝛷[(𝑙𝑛(𝛿(ℎ)4!ℎ) − 𝑙𝑛(𝛿5'6))/𝜎5'6]         Eq. 12 

As discussed above, this conditioning arises because (i) the case history adjustment 
is based only on cases where liquefaction damage was observed; and (ii) the numerical 
database was filtered to include only observations with 𝛿 ≥ 10 mm. A probabilistic liq-
uefaction triggering model is needed to remove this conditioning. 

Bullock et al. (2022) developed liquefaction triggering models in the free-field based 
on 𝐶𝐴𝑉 using the results of PS-I. These models give estimates of the capacity cumula-
tive absolute velocity (𝐶𝐴𝑉,) in units of cm/s. 𝐶𝐴𝑉, is defined as the input outcropping 
rock 𝐶𝐴𝑉 needed to generate a certain 𝑟8 value in a given soil element. Equation 13 
describes 𝐶𝐴𝑉,: 

𝑙𝑛(𝐶𝐴𝑉,) = 𝑎0 + 𝑎1√𝑧 + 𝑎2[𝑓$9!/(𝑧$9! + 𝑧)] + 𝑎3(𝑞,1-/100)          Eq. 13 

where 𝑙𝑛(𝐶𝐴𝑉,) is the natural log of the median predicted capacity 𝐶𝐴𝑉, 𝑧 is the depth 
from the ground surface to the soil element (in units of m), 𝑓$9! is a flag that indicates 
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whether there is a low-permeability stratum anywhere above the soil element in the 
profile, and 𝑧$9! is the depth from the soil element to the nearest low-permeability stra-
tum above (in units of m). Table 4 provides the model coefficients for Bullock et al. 
(2022) for 𝐶𝐴𝑉, corresponding to an 𝑟8 threshold of 0.9 [i.e., liquefaction according to 
Olson et al. (2020)]. 

Table 4. Model coefficients for estimating 𝐶𝐴𝑉! in Bullock et al. (2022). 

Parame-
ters Value Parame-

ters Value 

𝑎0 4.640 𝑎3 0.273 
𝑎1 0.167 𝜎! 0.675 
𝑎2 -0.877 𝜌#! 0.249 

 
𝐶𝐴𝑉,	 can be combined with the outcropping rock 𝐶𝐴𝑉 to obtain a factor of safety 

against liquefaction triggering (𝐹𝑆$#2): 

𝐹𝑆$#2 = 𝐶𝐴𝑉,/𝐶𝐴𝑉                        Eq. 14  
𝑙𝑛(𝐹𝑆$#2) = 𝑙𝑛(𝐶𝐴𝑉,) − 𝑙𝑛(𝐶𝐴𝑉)                    Eq. 15 

The Bullock et al. (2022) free-field liquefaction triggering model can also be used 
to obtain probabilities of liquefaction that are consistent with the functional form and 
approach used in the consequence model proposed by Bullock et al. (2019a). Equation 
15 can be rewritten in terms of variables from Bullock et al. (2019a) to obtain the me-
dian 𝐹𝑆$#2 in the center of the critical layer as follows: 

𝑙𝑛(𝐹𝑆$#2,1) = 𝑎0 + 𝑎1W𝐷*,1 +𝐷% + 𝑎2[𝑓$9!/(𝑧$9! +𝐷*,1 +𝐷%)] + 𝑎3(𝑞,1-,1/100) −
𝑙𝑛(𝐶𝐴𝑉)                           Eq. 16 
where 𝑙𝑛(𝐹𝑆$#2,1) is the natural logarithm of the median predicted factor of safety in 

the center of the critical layer and 𝑞,1&,1 is the normalized cone tip resistance in that 
layer.  

Bullock et al. (2022) provides the correlation coefficient between the uncertainties 
around 𝐶𝐴𝑉, and 𝐶𝐴𝑉, denoted as 𝜌',. The logarithmic standard deviation of the factor 
of safety, 𝜎%, is given by Equation 17, where 𝜎, is the logarithmic standard deviation 
around the median 𝐶𝐴𝑉, and 𝜎' is the logarithmic standard deviation around the me-
dian outcropping rock 𝐶𝐴𝑉. 

𝜎% = W𝜎,2 + 𝜎'2 + 2𝜌',𝜎,𝜎'                    Eq. 17 

We can obtain the probability of liquefaction triggering (i.e., the probability of 𝐹𝑆$#2 
less than 1.0) using the lognormal distribution: 

𝑃(𝐿𝑖𝑞) = 𝛷[−𝑙𝑛(𝐹𝑆$#2,1)/𝜎%]                   Eq. 18 

This equation can be combined with Equation 12 to obtain the marginal probability 
of settlement exceeding a threshold value (i.e., the probability without conditioning on 
𝐿𝑖𝑞): 

𝑃(𝛿5'6	 > 𝛿(ℎ)4!ℎ) = 𝑃(𝛿5'6	 > 𝛿(ℎ)4!ℎ|𝐿𝑖𝑞)𝑃(𝐿𝑖𝑞)                Eq. 19 
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Following the development of triggering and consequence models described above, 
a total of 770 numerical simulations using three-dimensional (3D), fully-coupled, non-
linear finite element analyses of the soil-foundation-structure systems enabled a com-
prehensive evaluation of the seismic performance of shallow-founded structures on 
treated soils. The detailed properties of all numerical analyses are provided in Hwang 
et al. (2022). The nonlinear regression with lasso-type (Tibshirani 1996) regularization 
was used to develop the predictive model for permanent settlement of structures on 
densified soils.  

Equation 20 shows the general functional form for estimating permanent settlement 
of structures on liquefiable deposit improved by ground densification: 

𝑙𝑛 𝑙𝑛	(𝛿:*) = 	𝛼; + 𝑓<-=*> + 𝑓*.=:* + 𝑓?: + 𝑓@A            Eq. 20 

where 𝑙𝑛 𝑙𝑛	(𝛿:*)	 is the natural logarithm of the median predicted foundation settle-
ment (in units of mm) on densified soils, 𝛼; is a constant intercept. 𝑓<-=*>, 𝑓*.=:*, 𝑓?:, 
and 𝑓@A are functions that reflect how structure’s settlement is influenced by the foun-
dation (FN)-structure (ST) system, layered soil profile (SL) and densification properties 
(DS), the properties of any remaining undensified loose- to medium-dense soil layer 
(UD) below the densified zone within foundation’s influence zone, and an optimum 
ground motion intensity measure (GM). The functional forms for 𝑓<-=*>, 𝑓*.=:*, 𝑓?:, 
and 𝑓@A are described by Equations 21-25. 

𝑓<-=*> = 𝛼B𝐷% +𝑙𝑛 𝛼C𝑙𝑛	(𝐵)	+𝑙𝑛 𝛼D𝑙𝑛	(𝑞) 	+𝑙𝑛 𝛼E𝑙𝑛	 Z
1
3
[	+ 𝛼F 𝑙𝑛 𝑙𝑛	 Z

.
3
[		 Eq.	21	

𝑓*.=:* =𝑙𝑛 𝛼G𝑙𝑛	`𝐻'49a	+ +𝛼H𝑙𝑛	(
:!"
1#
) 	+ 𝛼I𝐷),:*	 	 	 	 	 	 	 	 	 	 Eq.	22	

𝑓?: = 𝛼B;𝑓:$(1%!) + 𝛼BB𝐻?:	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 Eq.	23	

𝑓:$(1%!) = {	0, 												𝐻?: = 0		

																				{	𝐷)	𝑜𝑓	𝑢𝑛𝑑𝑒𝑛𝑠𝑖𝑓𝑖𝑒𝑑	𝑙𝑎𝑦𝑒𝑟,					𝐻?: > 0										 	 	 	 	 	 	 	 Eq.	24	
𝑓@A = {	𝛼BC 𝑙𝑛 𝑙𝑛	(𝐶𝐴𝑉)												, 𝐶𝐴𝑉 < 450𝑐𝑚/𝑠	

												{𝛼BC𝑙𝑛	(450) + 𝛼BD 𝑙𝑛 𝑙𝑛	 Z
0LM
EF;
[ 						, 	𝐶𝐴𝑉	 ≥ 	450𝑐𝑚/𝑠			 	 	 	 	 	 Eq.	25	

 
where 𝐷% is the foundation embedment depth from the ground surface (in m), B is the 
foundation width (in m), q is the bearing pressure of the foundation-structure system 
(in kPa), H/B is the unitless actual structure height to width ratio, L/B is the unitless 
mat foundation length (L) to width (B) aspect ratio, Hdep is the total deposit depth above 
bedrock (in m), HL is the total cumulative thickness of critical, loose- to medium-dense 
granular soil layers (i.e., the summation of layer thickness with Dr ≤ 70% within foun-
dation’s influence zone (defined as 1.5B in this model) in m, WDS is the densification 
width beyond the edges of the foundation (in m), DDS is the densification depth from 
ground surface (in m), 𝐷),:* (in percentage) is the target relative density of the treated 
soil, where  𝑓:$(1%!) is a flag that is equal to the average relative density (%) of the 
undensified layer if the densification depth does not reach the full depth of the deepest 
critical layer within the foundation’s influence zone; or is zero otherwise. HUD is the 
thickness of the remaining undensified, loose- to medium-dense granular soil layer 
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within the foundation’s influence zone (in m). 	𝐶𝐴𝑉 is calculated on outcropping bed-
rock (in cm/s), while the threshold value of 	𝐶𝐴𝑉 was determined as 450 cm/s through 
nonlinear regression. All regression coefficients, 𝛼0 − 𝛼13, are listed in Table 5. The 
predictive model (Equation 21) can be characterized with a lognormal distribution by 
passing the Lilliefors (1967) test at the 5% significance level. This indicates that the 
uncertainty in foundation residual settlement on densified sites could be characterized 
with a lognormal distribution and a standard deviation (σDS) of 0.54. 

Table 5. Model coefficients for predicting foundation settlement on mitigated ground. 

Parame-
ters Value Parame-

ters Value 

α0 -4.49 α8 -0.1556 
α1 -0.1998 α9 -0.001 
α2 -0.3333 α10 -0.0047 
α3 0.8604 α11 0.0861 
α4 -0.1169 α12 0.4766 
α5 0.2632 α13 1.386 
α6 0.6577 σDS 0.54 
α7 -0.0711   

7 Predictive Model Validation with Case Histories 

The Bullock et al. (2019a) settlement models were validated and adjusted with case 
history data. The case history adjustment described above used a database of 50 case 
histories of structures on mat foundations that were affected by liquefaction-induced 
settlement. The adjusted model was then used to predict the settlement of 37 additional 
shallow-founded structures with other foundation types that were treated as equivalent 
mat foundations (i.e., mat foundations with dimensions equal to the building footprint). 
The model’s predictions for those cases, which were excluded from the development 
of the adjustment, were unbiased and their residuals pass a two sample Kolmogorov-
Smirnov test in comparison to the lognormal distribution obtained while regressing the 
adjustment. 

The Bullock et al. (2022) models were developed using only data from the PS-I nu-
merical study, with no case history adjustments. As discussed above, the soil models 
used in this study were calibrated and validated using element-level laboratory tests, 
centrifuge tests, and field observations. The models for 𝐶𝐴𝑉, themselves were used to 
develop an 𝐿𝑃𝐼-style manifestation model that was shown to perform similarly to ex-
isting models for predicting observations of free-field surface liquefaction manifesta-
tions. 

Fig. 5 shows the exceedance probability curve of foundation settlement for the oil 
tank and building on densified ground in Niigata city, Japan, during the 1964 Niigata 
earthquake. These results compared well with the range of observed settlements in the 
field with an average difference of about 6.3%. The model validation with the very 
limited case history observations may suggest that our probabilistic model roughly cap-
tures the settlement patterns expected in realistic soil profiles. In PS-III, the contribution 
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of sedimentation and ejecta (mechanisms not well captured numerically) were expected 
to be less significant than unmitigated conditions. For example, Hausler (2002) showed 
18 case histories related to ground densification with various qualities/extents of den-
sification, with little to no evidence of ground failure or major damage during previous 
earthquakes (but no details were reported). However, we acknowledge that further ad-
justment (similar to the approach in PS-II) should be performed when more well-doc-
umented case histories of mitigated structures become available in the future. More 
detailed model limitations were discussed in Hwang et al. (2022b), which are not re-
peated here for brevity.  

 

Fig. 5. Exceedance probability curves of structural settlement based on the Niigata City case 
history example. 

8 Concluding Remarks 

In this paper, we introduce a comprehensive, unified, and performance-based frame-
work for predicting triggering of soil liquefaction in interlayered deposits, its conse-
quences in terms of seismic settlement near shallow-founded structures, and its mitiga-
tion using ground densification. Effective liquefaction mitigation requires an improved 
fundamental understanding of triggering as a function of excess pore pressures in real-
istically stratified deposits that experience cross-layer interactions. It also requires im-
proved probabilistic consequence procedures that account for 3D soil-structure interac-
tion (SSI), all mechanisms of deformation, total uncertainty, and the impact of mitiga-
tion.  

First, a series of centrifuge experiments were performed to evaluate site response 
and pore pressure generation in layered liquefiable deposits, the dominant mechanisms 
of deformation in the free-field and near shallow-founded structures, SSI, and the im-
pact of ground densification as a mitigation strategy on SSI. Second, experimental re-
sults were used to validate 1D and 3D, fully-coupled, nonlinear, dynamic finite element 
analyses of layered sites and soil-foundation-structure systems with and without ground 
densification in OpenSees. Third, three sets of numerical parametric studies (PS-I 
through PS-III) were used to identify the functional forms for predicting: (i) 
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liquefaction triggering in the free-field based on the capacity cumulative absolute ve-
locity (𝐶𝐴𝑉,) corresponding to a threshold excess pore pressure ratio (ru); (ii) settlement 
of unmitigated shallow-founded structures on potentially liquefiable soils; and (iii) the 
relative beneficial impact of ground densification with varying dimensions on founda-
tion’s permanent average settlement. In the end, a limited case history database helped 
validate the triggering and consequence models, accounting for field complexities that 
are not captured numerically or experimentally. The proposed set of models are the first 
of their kind to comprehensively consider the triggering, consequences, and mitigation 
of soil liquefaction near structures and the underlying uncertainties in a unified and 
explicit manner, aiming to guide a more reliable and performance-based treatment of 
liquefiable soils near structures. 
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